Introduction {#Sec1}
============

The celebrated Wigner--Dyson--Mehta (WDM) conjecture asserts that local eigenvalue statistics of large random matrices are universal: they only depend on the symmetry type of the matrix and are otherwise independent of the details of the distribution of the matrix ensemble. This remarkable spectral robustness was first observed by Wigner in the bulk of the spectrum. The correlation functions are determinantal and they were computed in terms the *sine kernel* via explicit Gaussian calculations by Dyson, Gaudin and Mehta \[[@CR59]\]. Wigner's vision continues to hold at the spectral edges, where the correct statistics was identified by Tracy and Widom for both symmetry types in terms of the *Airy kernel* \[[@CR70], [@CR71]\]. These universality results have been originally formulated and proven \[[@CR17], [@CR35], [@CR36], [@CR67]--[@CR69]\] for traditional *Wigner matrices*, i.e. Hermitian random matrices with independent, identically distributed (i.i.d.) entries and their diagonal \[[@CR55], [@CR57]\] and non-diagonal \[[@CR51]\] deformations. More recently they have been extended to *Wigner-type ensembles*, where the identical distribution is not required, and even to a large class of matrices with general correlated entries \[[@CR7], [@CR8], [@CR11]\]. In different directions of generalization, sparse matrices \[[@CR1], [@CR32], [@CR47], [@CR56]\], adjacency matrices of regular graphs \[[@CR14]\] and band matrices \[[@CR19], [@CR20], [@CR66]\] have also been considered. In parallel developments bulk and edge universal statistics have been proven for invariant $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$-ensembles \[[@CR12], [@CR15], [@CR17], [@CR18], [@CR29], [@CR30], [@CR52], [@CR61], [@CR62], [@CR64], [@CR65], [@CR73]\] and even for their discrete analogues \[[@CR13], [@CR16], [@CR41], [@CR48]\] but often with very different methods.

A precondition for the Tracy-Widom distribution in all these generalizations of Wigner's original ensemble is that the density of states vanishes as a square root near the spectral edges. The recent classification of the singularities of the solution to the underlying Dyson equation indeed revealed that at the edges only square root singularities appear \[[@CR6], [@CR10]\]. The density of states may also form a cusp-like singularity in the interior of the asymptotic spectrum, i.e. single points of vanishing density with a cubic root growth behaviour on either side. Under very general conditions, no other type of singularity may occur. At the cusp a new local eigenvalue process emerges: the correlation functions are still determinantal but the *Pearcey kernel* replaces the sine- or the Airy kernel.

The Pearcey process was first established by Brézin and Hikami for the eigenvalues close to a cusp singularity of a deformed complex Gaussian Wigner (GUE) matrix. They considered the model of a GUE matrix plus a deterministic matrix ("external source") having eigenvalues $\documentclass[12pt]{minimal}
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                \begin{document}$$\pm 1$$\end{document}$ with equal multiplicity \[[@CR21], [@CR22]\]. The name *Pearcey kernel* and the corresponding *Pearcey process* have been coined by \[[@CR72]\] in reference to related functions introduced by Pearcey in the context of electromagnetic fields \[[@CR63]\]. Similarly to the universal sine and Airy processes, it has later been observed that also the Pearcey process universality extends beyond the realm of random matrices. Pearcey statistics have been established for non-intersecting Brownian bridges \[[@CR3]\] and in skew plane partitions \[[@CR60]\], always at criticality. We remark, however, that critical cusp-like singularity does not always induce a Pearcey kernel, see e.g. \[[@CR31]\].

In random matrix theory there are still only a handful of rather specific models for which the emergence of the Pearcey process has been proven. This has been achieved for deformed GUE matrices \[[@CR2], [@CR4], [@CR23]\] and for Gaussian sample covariance matrices \[[@CR42]--[@CR44]\] by a contour integration method based upon the Brézin--Hikami formula. Beyond linear deformations, the Riemann-Hilbert method has been used for proving Pearcey statistics for a certain *two-matrix model* with a special quartic potential with appropriately tuned coefficients \[[@CR40]\]. All these previous results concern only specific ensembles with a matrix integral representation. In particular, Wigner-type matrices are out of the scope of this approach.

The main result of the current paper is the proof of the Pearcey universality at the cusps for complex Hermitian Wigner-type matrices under very general conditions. Since the classification theorem excludes any other singularity, this is the third and last universal statistics that emerges from natural generalizations of Wigner's ensemble.

This third universality class has received somewhat less attention than the other two, presumably because cusps are not present in the classical Wigner ensemble. We also note that the most common invariant $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$-ensembles do not exhibit the Pearcey statistics as their densities do not feature cubic root cusps but are instead 1/2-Hölder continuous for somewhat regular potentials \[[@CR28]\]. The density vanishes either as 2*k*th or $\documentclass[12pt]{minimal}
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                \begin{document}$$(2k +\frac{1}{2})$$\end{document}$th power with their own local statistics (see \[[@CR26]\] also for the persistence of these statistics under small additive GUE perturbations before the critical time). Cusp singularities, hence Pearcey statistics, however, naturally arise within any one-parameter family of Wigner-type ensembles whenever two spectral bands merge as the parameter varies. The classification theorem implies that cusp formation is the only possible way for bands to merge, so in that sense Pearcey universality is ubiquitous as well.

The bulk and edge universality is characterized by the symmetry type alone: up to a natural shift and rescaling there is only one bulk and one edge statistic. In contrast, the cusp universality has a much richer structure: it is naturally embedded in a one-parameter family of universal statistics within each symmetry class. In the complex Hermitian case these are given by the one-parameter family of (extended) Pearcey kernels, see ([2.5](#Equ9){ref-type=""}) later. Thinking in terms of fine-tuning a single parameter in the space of Wigner-type ensembles, the density of states already exhibits a universal local shape right before and right after the cusp formation; it features a tiny gap or a tiny nonzero local minimum, respectively \[[@CR5], [@CR10]\]. When the local lengthscale $\documentclass[12pt]{minimal}
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                \begin{document}$$\ell $$\end{document}$ of these *almost cusp* shapes is comparable with the local eigenvalue spacing $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta $$\end{document}$, then the general Pearcey statistics is expected to emerge whose parameter is determined by the ratio $\documentclass[12pt]{minimal}
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                \begin{document}$$\ell /\delta $$\end{document}$. Thus the full Pearcey universality typically appears in a *double scaling limit*.

Our proof follows the *three step strategy* that is the backbone of the recent approach to the WDM universality, see \[[@CR38]\] for a pedagogical exposé and for detailed history of the method. The first step in this strategy is a *local law* that identifies, with very high probability, the empirical eigenvalue distribution on a scale slightly above the typical eigenvalue spacing. The second step is to prove universality for ensembles with a tiny Gaussian component. Finally, in the third step this Gaussian component is removed by perturbation theory. The local law is used for precise apriori bounds in the second and third steps.

The main novelty of the current paper is the proof of the local law at optimal scale near the cusp. To put the precision in proper context, we normalize the $\documentclass[12pt]{minimal}
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                \begin{document}$$N\times N$$\end{document}$ real symmetric or complex Hermitian Wigner-type matrix *H* to have norm of order one. As customary, the local law is formulated in terms of the Green function $\documentclass[12pt]{minimal}
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                \begin{document}$$G(z):=(H-z)^{-1}$$\end{document}$ with spectral parameter *z* in the upper half plane. The local law then asserts that *G*(*z*) becomes deterministic in the large *N* limit as long as $\documentclass[12pt]{minimal}
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                \begin{document}$$\eta :=\mathfrak {I}z$$\end{document}$ is much larger than the local eigenvalue spacing around $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathfrak {R}z$$\end{document}$. The deterministic approximant *M*(*z*) can be computed as the unique solution of the corresponding Dyson equation (see ([2.2](#Equ2){ref-type=""}) and ([3.1](#Equ14){ref-type=""}) later). Near the cusp the typical eigenvalue spacing is of order $\documentclass[12pt]{minimal}
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                \begin{document}$$N^{-3/4}$$\end{document}$; compare this with the $\documentclass[12pt]{minimal}
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                \begin{document}$$N^{-1}$$\end{document}$ spacing in the bulk and $\documentclass[12pt]{minimal}
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                \begin{document}$$N^{-2/3}$$\end{document}$ spacing near the edges. We remark that a local law at the cusp on the non-optimal scale $\documentclass[12pt]{minimal}
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                \begin{document}$$N^{-3/5}$$\end{document}$ has already been proven in \[[@CR8]\]. In the current paper we improve this result to the optimal scale $\documentclass[12pt]{minimal}
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                \begin{document}$$N^{-3/4}$$\end{document}$ and this is essential for our universality proof at the cusp.

The main ingredient behind this improvement is an optimal estimate of the error term *D* (see ([3.4](#Equ17){ref-type=""}) later) in the approximate Dyson equation that *G*(*z*) satisfies. The difference $\documentclass[12pt]{minimal}
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                \begin{document}$$M-G$$\end{document}$ is then roughly estimated by $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathcal {B}}}^{-1} (MD)$$\end{document}$, where $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathcal {B}}}$$\end{document}$ is the linear stability operator of the Dyson equation. Previous estimates on *D* (in averaged sense) were of order $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho /N\eta $$\end{document}$, where $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho $$\end{document}$ is the local density; roughly speaking $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho \sim 1$$\end{document}$ in the bulk, $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho \sim N^{-1/3}$$\end{document}$ at the edge and $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho \sim N^{-1/4}$$\end{document}$ near the cusp. While this estimate cannot be improved in general, our main observation is that, to leading order, we need only the projection of *MD* in the single unstable direction of $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathcal {B}}}$$\end{document}$. We found that this projection carries an extra hidden cancellation due to a special local symmetry at the cusp and thus the estimate on *D* effectively improves to $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho ^2/N\eta $$\end{document}$. Customary power counting is not sufficient, we need to compute this error term explicitly at least to leading order. We call this subtle mechanism *cusp fluctuation averaging* since it combines the well established fluctuation averaging procedure with the additional cancellation at the cusp. Similar estimates extend to the vicinity of the exact cusps. We identify a key quantity, denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma (z)$$\end{document}$ (in ([3.5b](#Equ19){ref-type=""}) later), that measures the distance from the cusp in a canonical way: $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma (z)=0$$\end{document}$ characterizes an exact cusp, while $\documentclass[12pt]{minimal}
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                \begin{document}$$\left| \sigma (z)\right| \ll 1$$\end{document}$ indicates that *z* is near an almost cusp. Our final estimate on *D* is of order $\documentclass[12pt]{minimal}
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                \begin{document}$$(\rho +\left| \sigma \right| )\rho /N\eta $$\end{document}$. Since the error term *D* is random and we need to control it in high moment sense, we need to lift this idea to a high moment calculation, meticulously extracting the improvement from every single term. This is performed in the technically most involved Sect. [4](#Sec11){ref-type="sec"} where we use a Feynman diagrammatic formalism to bookkeep the contributions of all terms. Originally we have developed this language in \[[@CR34]\] to handle random matrices with slow correlation decay, based on the revival of the cumulant expansion technique in \[[@CR45]\] after \[[@CR50]\]. In the current paper we incorporate the cusp into this analysis. We identify a finite set of Feynman subdiagrams, called $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma $$\end{document}$-*cells* (Definition [4.10](#FPar49){ref-type="sec"}) with value $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma $$\end{document}$ that embody the cancellation effect at the cusp. To exploit the full strength of the cusp fluctuation averaging mechanism, we need to trace the fate of the $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma $$\end{document}$-cells along the high moment expansion. The key point is that $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma $$\end{document}$-cells are local objects in the Feynman graphs thus their cancellation effects act simultaneously and the corresponding gains are multiplicative.

Formulated in the jargon of diagrammatic field theory, extracting the deterministic Dyson equation for *M* from the resolvent equation $\documentclass[12pt]{minimal}
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                \begin{document}$$(H-z)G(z)=1$$\end{document}$ corresponds to a consistent self-energy renormalization of *G*. One way or another, such procedure is behind every proof of the optimal local law with high probability. Our $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma $$\end{document}$-cells conceptually correspond to a next order resummation of certain Feynman diagrams carrying a special cancellation.

We remark that we prove the optimal local law only for Wigner-type matrices and not yet for general correlated matrices unlike in \[[@CR11], [@CR34]\]. In fact we use the simpler setup only for the estimate on *D* (Theorem [3.7](#FPar21){ref-type="sec"}) the rest of the proof is already formulated for the general case. This simpler setup allows us to present the cusp fluctuation averaging mechanism with the least amount of technicalities. The extension to the correlated case is based on the same mechanism but it requires considerably more involved diagrammatic manipulations which is better to develop in a separate work to contain the length of this paper.

Our cusp fluctuation averaging mechanism has further applications. It is used in \[[@CR9]\] to prove an optimal cusp local law for the Hermitization of non-Hermitian random matrices with a variance profile, demonstrating that the technique is also applicable in settings where the flatness assumption is violated. The cusp of the Hermitization corresponds to the edge of the non-Hermitian model via Girko's formula, thus the optimal cusp local law leads to an optimal bound on the spectral radius \[[@CR9]\] and ultimately also to edge universality \[[@CR25]\] for non-Hermitian random matrices.

Armed with the optimal local law we then perform the other two steps of the three step analysis. The third step, relying on the *Green function comparison theorem*, is fairly standard and previous proofs used in the bulk and at the edge need only minor adjustments. The second step, extracting universality from an ensemble with a tiny Gaussian component can be done in two ways: (i) Brézin--Hikami formula with contour integration or (ii) Dyson Brownian Motion (DBM). Both methods require the local law as an input. In the current work we follow (i) mainly because this approach directly yields the Pearcey kernel, at least for the complex Hermitian symmetry class. In the companion work \[[@CR24]\] we perform the DBM analysis adapting methods of \[[@CR37], [@CR53], [@CR54]\] to the cusp. The main novelty in the current work and in \[[@CR24]\] is the rigidity at the cusp on the optimal scale provided below. Once this key input is given, the proof of the edge universality from \[[@CR53]\] is modified in \[[@CR24]\] to the cusp setting, proving universality for the real symmetric case as well. We remark, however, that, to our best knowledge, the analogue of the Pearcey kernel for the real symmetric case has not yet been explicitly identified.

We now explain some novelty in the contour integration method. We first note that a similar approach was initiated in the fundamental work of Johansson on the bulk universality for Wigner matrices with a large Gaussian component in \[[@CR49]\]. This method was generalised later to Wigner matrices with a small Gaussian component in \[[@CR35]\] as well as it inspired the proof of bulk universality via the moment matching idea \[[@CR68]\] once the necessary local law became available. The double scaling regime has also been studied, where the density is very small but the Gaussian component compensates for it \[[@CR27]\]. More recently, the same approach was extended to the cusp for deformed GUE matrices \[[@CR23], Theorem 1.3\] and for sample covariance matrices but only for large Gaussian component \[[@CR42]--[@CR44]\]. For our cusp universality, we need to perform a similar analysis but with a small Gaussian component. We represent our matrix *H* as $\documentclass[12pt]{minimal}
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                \begin{document}$${\widehat{H}} + \sqrt{t} U$$\end{document}$, where *U* is GUE and $\documentclass[12pt]{minimal}
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                \begin{document}$${\widehat{H}}$$\end{document}$ is an independent Wigner-type matrix. The contour integration analysis (Sect. [5.1](#Sec30){ref-type="sec"}) requires a Gaussian component of size at least $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t\gg N^{-1/2}$$\end{document}$.

The input of the analysis in Sect. [5.1](#Sec30){ref-type="sec"} for the correlation kernel of *H* is a very precise description of the eigenvalues of $\documentclass[12pt]{minimal}
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                \begin{document}$$N^{-3/4}$$\end{document}$, the scale of the typical spacing between eigenvalues---this information is provided by our optimal local law. While in the bulk and in the regime of the regular edge finding an appropriate $\documentclass[12pt]{minimal}
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                \begin{document}$$\widehat{H}$$\end{document}$ is a relatively simple matter, in the vicinity of a cusp point the issue is very delicate. The main reason is that the cusp, unlike the bulk or the regular edge, is unstable under small perturbations; in fact it typically disappears and turns into a small positive local minimum if a small GUE component is added. Conversely, a cusp emerges if a small GUE component is added to an ensemble that has a density with a small gap. In particular, even if the density function $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho (\tau )$$\end{document}$ of *H* exhibits an exact cusp, the density $\documentclass[12pt]{minimal}
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                \begin{document}$$\widehat{H}$$\end{document}$ will have a small gap: in fact $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho $$\end{document}$ is given by the evolution of the semicircular flow up to time *t* with initial data $\documentclass[12pt]{minimal}
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                \begin{document}$$\widehat{\rho }$$\end{document}$. Unlike in the bulk and edge cases, here one cannot match the density of *H* and $\documentclass[12pt]{minimal}
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                \begin{document}$$\widehat{H}$$\end{document}$ by a simple shift and rescaling. Curiously, the contour integral analysis for the local statistics of *H* at the cusp relies on an optimal local law of $\documentclass[12pt]{minimal}
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                \begin{document}$$\widehat{H}$$\end{document}$ with a small gap far away from the cusp.

Thus we need an additional ingredient: the precise analysis of the semicircular flow $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho _s:=\widehat{\rho } \boxplus \rho _{\mathrm {sc}}^{(s)}$$\end{document}$ near the cusp up to a relatively long times $\documentclass[12pt]{minimal}
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                \begin{document}$$s\lesssim N^{-1/2+\epsilon }$$\end{document}$; note that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho _t=\rho $$\end{document}$ is the original density with the cusp. Here $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho _{\mathrm {sc}}^{(s)}$$\end{document}$ is the semicircular density with variance *s* and $\documentclass[12pt]{minimal}
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Main Results {#Sec2}
============

The Dyson equation {#Sec3}
------------------
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### Definition 2.1 {#FPar1}
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Cusp universality {#Sec4}
-----------------

We make the following assumptions:

### Assumption (A) {#FPar2}
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### Assumption (C) {#FPar4}

*(Bounded self-consistent Green's function).* In a neighbourhood of some fixed spectral parameter $\documentclass[12pt]{minimal}
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We call the constants appearing in Assumptions [(A)](#FPar2){ref-type="sec"}--[(C)](#FPar4){ref-type="sec"}*model parameters*. All generic constants *C* in this paper may implicitly depend on these model parameters. Dependence on further parameters however will be indicated.

### Remark 2.2 {#FPar5}
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It is natural to express universality in terms of a rescaled *k*-point function $\documentclass[12pt]{minimal}
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### Theorem 2.3 {#FPar6}
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Local law {#Sec5}
---------

We emphasise that the proof of Theorem [2.3](#FPar6){ref-type="sec"} requires a very precise a priori control on the fluctuation of the eigenvalues even at singular points of the scDOS. This control is expressed in the form of a *local law* with an optimal convergence rate down to the typical eigenvalue spacing. We now define the scale on which the eigenvalues are predicted to fluctuate around the spectral parameter $\documentclass[12pt]{minimal}
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### Definition 2.4 {#FPar7}
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We will see later (cf. ([A.8b](#Equ160){ref-type=""})) that ([2.7](#Equ11){ref-type=""}) is the fluctuation of the edge eigenvalue adjacent to a spectral gap of length $\documentclass[12pt]{minimal}
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### Theorem 2.5 {#FPar8}

(Local law). Let *H* be a deformed Wigner-type matrix of the real symmetric or complex Hermitian symmetry class. Fix any $\documentclass[12pt]{minimal}
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We remark that later we will prove the local law also in a form which is uniform in $\documentclass[12pt]{minimal}
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### Corollary 2.6 {#FPar9}
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In particular, the fluctuation of the eigenvalue whose expected position is closest to the cusp location does not exceed $\documentclass[12pt]{minimal}
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### Corollary 2.7 {#FPar10}
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We remark that a variant of Corollary [2.7](#FPar10){ref-type="sec"} holds more generally for almost cusp points. It is another consequence of Corollary [2.6](#FPar9){ref-type="sec"} that with high probability there are no eigenvalues much further than the fluctuation scale $\documentclass[12pt]{minimal}
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### Corollary 2.8 {#FPar11}

(No eigenvalues outside the support of the self-consistent density). Let $\documentclass[12pt]{minimal}
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### Remark 2.9 {#FPar12}

Theorem [2.5](#FPar8){ref-type="sec"} and its consequences, Corollaries [2.6](#FPar9){ref-type="sec"}, [2.7](#FPar10){ref-type="sec"} and [2.8](#FPar11){ref-type="sec"} also hold for both symmetry classes if Assumption [(B)](#FPar3){ref-type="sec"} is replaced by the condition that there exists an $\documentclass[12pt]{minimal}
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Local Law {#Sec6}
=========

In order to directly appeal to recent results on the shape of solution to Matrix Dyson Equation (MDE) from \[[@CR10]\] and the flexible diagrammatic cumulant expansion from \[[@CR34]\], we first reformulate the Dyson equation ([2.2](#Equ2){ref-type=""}) for *N*-vectors $\documentclass[12pt]{minimal}
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In the special case of Wigner-type matrices the self-energy operator is given by$$\documentclass[12pt]{minimal}
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The proof of the local law consists of three largely separate arguments. The first part concerns the analysis of the stability operator$$\documentclass[12pt]{minimal}
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Remark 3.1 {#FPar13}
----------

We remark that the proofs of Theorem [2.5](#FPar8){ref-type="sec"}, and Corollaries [2.6](#FPar9){ref-type="sec"} and [2.8](#FPar11){ref-type="sec"} use the independence assumption on the entries of *W* only very locally. In fact, only the proof of a specific bound on *D* (see ([3.15](#Equ40){ref-type=""}) later), which follows directly from the main result of the diagrammatic cumulant expansion, Theorem [3.7](#FPar21){ref-type="sec"}, uses the vector structure and the specific form of $\documentclass[12pt]{minimal}
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We now introduce a quantity that will play an important role in the cusp fluctuation averaging mechanism. We define where $\documentclass[12pt]{minimal}
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Stability and shape analysis {#Sec7}
----------------------------

From ([3.1](#Equ14){ref-type=""}) and ([3.4](#Equ17){ref-type=""}) we obtain the quadratic *stability equation*$$\documentclass[12pt]{minimal}
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However, the flatness ([3.6](#Equ20){ref-type=""}) is an immediate consequence of the fullness Assumption [(B)](#FPar3){ref-type="sec"}. Indeed, [(B)](#FPar3){ref-type="sec"} is equivalent to the condition that the covariance operator $\documentclass[12pt]{minimal}
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In particular, \[[@CR10], Proposition 3.5 and Lemma 4.8\] are applicable implying that \[[@CR10], Assumption 4.5\] is satisfied. Thus, according to \[[@CR10], Lemma 5.1\] for spectral parameters *z* in a neighbourhood of $\documentclass[12pt]{minimal}
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### Lemma 3.3 {#FPar16}
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Probabilistic bound {#Sec8}
-------------------

We now collect bounds on the error matrix *D* from \[[@CR34], Theorem 4.1\] and Sect. [4](#Sec11){ref-type="sec"}. We first introduce the notion of *stochastic domination*.

### Definition 3.5 {#FPar19}
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### Lemma 3.6 {#FPar20}
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(High probability error bounds). Fix $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\zeta ,c>0$$\end{document}$ sufficiently small and suppose that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\left| G-M\right| \prec \Lambda $$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\left| \mathfrak {I}(G-M)\right| \prec \Xi $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\left| \Theta \right| \prec \theta $$\end{document}$ hold at fixed $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$z \in \mathbb {D}_\zeta $$\end{document}$, and assume that the deterministic control parameters $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Lambda , \Xi ,\theta $$\end{document}$ satisfy $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Lambda +\Xi +\theta \lesssim N^{-c}$$\end{document}$. Then for any sufficiently small $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\epsilon >0$$\end{document}$ it holds that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left| \Theta ^3+ \xi _2 \Theta ^2 +\xi _1 \Theta \right| \prec N^{2\epsilon }\bigg (\rho + \left| \sigma \right| +\frac{\eta ^{1/2}}{\rho ^{1/2}}+\bigg (\frac{\rho +\Xi }{N \eta }\bigg )^{1/2}\bigg ) \frac{\rho +\Xi }{N \eta } +N^{-\epsilon }\theta ^3,\nonumber \\ \end{aligned}$$\end{document}$$as well as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left| G-M\right| \prec \theta + \sqrt{\frac{\rho +\Xi }{N \eta }},\qquad \left| G-M\right| _{\mathrm {av}}\prec \theta + {\frac{\rho +\Xi }{N \eta }}, \end{aligned}$$\end{document}$$ where the coefficients $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi _1,\xi _2$$\end{document}$ are those from Proposition [3.4](#FPar17){ref-type="sec"}, and we recall that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Theta =\left\langle V_l,G-M\right\rangle $$\end{document}$.

### Proof {#FPar23}
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### Proof of (3.15) {#FPar24}
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Bootstrapping {#Sec9}
-------------

Now we will show that the difference $\documentclass[12pt]{minimal}
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### Lemma 3.9 {#FPar25}
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Rigidity and absence of eigenvalues {#Sec10}
-----------------------------------

The proofs of Corollaries [2.6](#FPar9){ref-type="sec"} and [2.8](#FPar11){ref-type="sec"} rely on the bounds on $\documentclass[12pt]{minimal}
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### Proof of Corollary 2.8 {#FPar32}

Let us denote the empirical eigenvalue distribution of *H* by $\documentclass[12pt]{minimal}
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### Proof of Corollary 2.6 {#FPar33}
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Cusp Fluctuation Averaging and Proof of Theorem [3.7](#FPar21){ref-type="sec"} {#Sec11}
==============================================================================
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Graphical representation via double index graphs {#Sec12}
------------------------------------------------

The graphs (or Feynman diagrams) introduced in \[[@CR34]\] encode the structure of all terms in ([4.3](#Equ64){ref-type=""}). Their (directed) edges correspond to resolvents *G*, while vertices correspond to $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha ^t$$\end{document}$. These graphs will be called "double indexed" graphs since the vertices are naturally equipped with labels (double indices). Here we introduced the terminology "double indexed" for the graphs in \[[@CR34]\] to distinguish them from the "single indexed" graphs to be introduced later in this paper.

To be more precise, the graphs in \[[@CR34]\] were vertex-coloured graphs. The colours encoded a resummation of the terms in ([4.3](#Equ64){ref-type=""}): vertices whose labels (or their transpose) appeared in one of the cumulants in ([4.3](#Equ64){ref-type=""}) received the same colour. We then first summed up the colours and only afterwards we summed up all labels compatible with the given colouring. According to \[[@CR34], Proposition 4.4\] and the expansion of the main term \[[@CR34], Eq. (49)\] for every even *p* it holds that $$\documentclass[12pt]{minimal}
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### Proposition 4.1 {#FPar34}

(Properties of double index graphs). There exists a finite set $\documentclass[12pt]{minimal}
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                \begin{document}$$\Gamma $$\end{document}$ fulfils the following properties. There exist exactly *p* connected components, all of which are oriented cycles. Each vertex has one incoming and one outgoing edge.Each connected component contains at least one vertex and one edge. Single vertices with a looped edge are in particular legal connected components.Each colour colours at least two and at most 6*p* vertices.If a colour colours exactly two vertices, then these vertices are in different connected components.The edges represent the resolvent matrix *G* or its adjoint $\documentclass[12pt]{minimal}
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                \begin{document}$${{\,\mathrm{diag}\,}}({\mathbf {f}}{\mathbf {p}})$$\end{document}$. According to (f) this means that if the relevant vertex is in a *G*-cycle, then the designated (wiggled) edge is its incoming edge. If the relevant vertex is in a *G*-cycle, then the designated edge is its outgoing edge.
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                \begin{document}$$\Gamma $$\end{document}$ is simplified, it does not contain all information encoded in the graph. First, the direction of the edges are not indicated. In the picture both cycles should be oriented in a clockwise orientation. Secondly, the type of edges are not indicated, apart from the wiggled line. In fact, the edges in the second subgraph stand for $\documentclass[12pt]{minimal}
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                \begin{document}$${{\,\mathrm{diag}\,}}({\mathbf {f}}{\mathbf {p}})G^*$$\end{document}$. The reason why these details were omitted in the graphical representation of a double index graph is that they do not influence the basic power counting estimate of its value used in \[[@CR34]\].

Single index graphs {#Sec13}
-------------------

In \[[@CR34]\] we operated with double index graphs that are structurally simple and appropriate for bookkeeping complicated correlation structures, but they are not suitable for detecting the additional smallness we need at the cusp. The contribution of the graphs in \[[@CR34]\] were estimated by a relatively simple power counting argument where only the number of (typically off-diagonal) resolvent elements were recorded. In fact, for many subleading graphs this procedure already gave a very good bound that is sufficient at the cusps as well. The graphs carrying the leading contribution, however, have now to be computed to a higher accuracy and this leads to the concept of "single index graphs". These are obtained by a certain refinement and reorganization of the double index graphs via a procedure we will call *graph resolution* to be defined later. The main idea is to restructure the double index graph in such a way that instead of labels (double indices) $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha =(a,b)$$\end{document}$ its vertices naturally represent single indices *a* and *b*. Every double indexed graph will give rise to a finite number of resolved single index graphs. The double index graphs that require a more precise analysis compared with \[[@CR34]\] will be resolved to single index graphs. After we explain the structure of the single index graphs and the graph resolution procedure, double index graphs will not be used in this paper any more. Thus, unless explicitly stated otherwise, by graph we will mean single index graph in the rest of this paper.
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                \begin{document}$$\Gamma $$\end{document}$ which comprises weights assigned to the vertices and specific values assigned to the edges. Since an edge may represent different objects, we will introduce different types of edges that will be graphically distinguished by different line style. We now describe these ingredients precisely.

### Vertices. {#Sec14}
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                \begin{document}$$a_v\in J$$\end{document}$. Graphically the vertices are represented by small sunlabelled bullets ![](220_2019_3657_Figa_HTML.gif){#d30e33610} , i.e. in the graphical representation the actual index is not indicated. It is understood that all indices will be independently summed up over the entire index set *J* when we compute the value of the graph.

### Vertex weights. {#Sec15}
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                \begin{document}$$\sup _N\Vert {\mathbf {w}}^{(v)}\Vert _\infty <\infty $$\end{document}$. Visually we indicate vertex weights by incoming arrows as in ![](220_2019_3657_Figb_HTML.gif){#d30e33748} . Vertices without explicitly indicated weight may carry an arbitrary bounded weight vector. We also use the notation ![](220_2019_3657_Figc_HTML.gif){#d30e33751} to indicate the constant $\documentclass[12pt]{minimal}
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### *G*-edges. {#Sec16}

The set of *G*-edges is denoted by $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G^*$$\end{document}$ in the sense that a directed *G* or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G^*$$\end{document}$-edge $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e=(v,u)\in E$$\end{document}$ initiating from the vertex $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v=i(e)$$\end{document}$ and terminating in the vertex $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u=t(e)$$\end{document}$ represents the matrix elements $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G_{a_va_u}$$\end{document}$ or respectively $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G^*_{a_va_u}$$\end{document}$ evaluated in the indices $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_v,a_u$$\end{document}$ associated with the vertices *v* and *u*. Besides these two there are also edges representing $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G-M$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(G-M)^*$$\end{document}$. Distinguishing between *G* and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G-M$$\end{document}$, for practical purposes, is only important if it occurs in a loop. Indeed, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(G-M)_{aa}$$\end{document}$ is typically much smaller than $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G_{aa}$$\end{document}$, while $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(G-M)_{ab}$$\end{document}$ basically acts just like $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G_{ab}$$\end{document}$ when *a*, *b* are summed independently. Graphically we will denote the four types of *G*-edges by

where all these edges can also be loops. The convention is that continuous lines represent *G*, dashed lines correspond to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G^*$$\end{document}$, while the diamond on both types of edges indicates the subtraction of *M* or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M^*$$\end{document}$. An edge $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e\in {{\,\mathrm{GE}\,}}(\Gamma )$$\end{document}$ carries its type as its attribute, so as a short hand notation we can simply write $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G_e$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G_{a_{i(e)},a_{t(e)}}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G^*_{a_{i(e)},a_{t(e)}}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(G-M)_{a_{i(e)},a_{t(e)}}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(G-M)^*_{a_{i(e)},a_{t(e)}}$$\end{document}$ depending on which type of *G*-edge *e* represents. Due to their special role in the later estimates, we will separately bookkeep those $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G-M$$\end{document}$ or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G^*-M^*$$\end{document}$ edges that appear looped. We thus define the subset $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\,\mathrm{GE}\,}}_{g-m}\subset {{\,\mathrm{GE}\,}}$$\end{document}$ as the set of *G*-edges $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e\in {{\,\mathrm{GE}\,}}(\Gamma )$$\end{document}$ of type $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G-M$$\end{document}$ or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G^*-M^*$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i(e)=t(e)$$\end{document}$. We write $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g-m$$\end{document}$ to refer to the fact that looped edges are evaluated on the diagonal $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(g-m)_{a_v}$$\end{document}$ of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(G-M)_{a_va_v}$$\end{document}$.

### (*G*-)edge degree. {#Sec17}

For any vertex *v* we define its in-degree $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\deg ^-(v)$$\end{document}$ and out-degree $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\deg ^+(v)$$\end{document}$ as the number of incoming and outgoing *G*-edges. Looped edges (*v*, *v*) are counted for both in- and out-degree. We denote the total degree by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\deg (v)=\deg ^-(v)+\deg ^+(v)$$\end{document}$.

### Interaction edges. {#Sec18}

Besides the *G*-edges we also have interaction edges, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\,\mathrm{IE}\,}}(\Gamma )$$\end{document}$, representing the cumulants $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\kappa $$\end{document}$. A directed interaction edge $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e=(u,v)$$\end{document}$ represents the matrix $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R^{(e)}=\big (r_{ab}^{(e)}\big )_{a,b\in J}$$\end{document}$ given by the cumulant$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} r_{ab}^{(u,v)}= & {} \frac{1}{(\deg (u)-1)!}\kappa ( \underbrace{ab,\ldots ,ab}_{\deg ^-(u)\text { times}}, \underbrace{ba,\ldots ,ba}_{\deg ^+(u)\text { times}} )\nonumber \\= & {} \frac{1}{(\deg (v)-1)!}\kappa ( \underbrace{ab,\ldots ,ab}_{\deg ^+(v)\text { times}}, \underbrace{ba,\ldots ,ba}_{\deg ^-(v)\text { times}} ). \end{aligned}$$\end{document}$$For all graphs $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Gamma \in \mathcal {G}$$\end{document}$ and all interaction edges $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e=(u,v)$$\end{document}$ we have the symmetries $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\deg ^-(u)=\deg ^+(v)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\deg ^-(v)=\deg ^+(u)$$\end{document}$. Thus ([4.6](#Equ70){ref-type=""}) is compatible with exchanging the roles of *u* and *v*. For the important case when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\deg (u)=\deg (v)=2$$\end{document}$ it follows that the interaction from *u* to *v* is given by *S* if *u* has one incoming and one outgoing *G*-edge and *T* if *u* has two incoming *G*-edges, i.e.$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} s_{ab} = \kappa (ab,ba)\qquad t_{ab}= \kappa (ab,ab). \end{aligned}$$\end{document}$$Visually we will represent interaction edges as
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### Generic weighted edges. {#Sec19}

Besides the specific *G*-edges and interaction edges, additionally we also allow for generic edges reminiscent of the generic vertex weights introduced above. They will be called *generic weighted edges*, or *weighted edges* for short. To every weighted edge *e* we assign a weight matrix $\documentclass[12pt]{minimal}
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### Graph value. {#Sec20}
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Single index resolution {#Sec21}
-----------------------

There is a natural mapping from double indexed graphs to a collection of single indexed graphs that encodes the rearranging of the terms in ([4.4b](#Equ68){ref-type=""}) when the summation over labels $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _v$$\end{document}$ is reorganized into summation over single indices. Now we describe this procedure.

### Definition 4.2 {#FPar35}

*(Single index resolution).* By the *single index resolution* of a double vertex graph we mean the collection of single index graphs obtained through the following procedure. (i)For each colour, the identically coloured vertices of the double index graph are mapped into a pair of vertices of the single index graph.(ii)The pair of vertices in the single index graph stemming from a fixed colour is connected by an interaction edge in the single index graph.(iii)Every (directed) edge of the double index graph is naturally mapped to a *G*-edge of the single index graph. While mapping equally coloured vertices $\documentclass[12pt]{minimal}
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### Remark 4.3 {#FPar36}

(i)We note some ingredients described in Sect. [4.2](#Sec13){ref-type="sec"} for a typical graph in $\documentclass[12pt]{minimal}
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A few simple facts immediately follow from the the single index construction in Definition [4.2](#FPar35){ref-type="sec"}. From (i) it is clear that the number of vertices in the single index graph is twice the number of colours of the double index graph. From (ii) it follows that the number of interaction edges in the single index graph equals the number of colours of the double index graph. Finally, from (iii) it is obvious that if for some colour *c* there are $\documentclass[12pt]{minimal}
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which translates toin the language of single index graphs where the *S*, *T* assignment agrees with ([4.6](#Equ70){ref-type=""}). Finally we want to visualize step (iv) in the single index resolution in our example. Suppose that in ([4.8](#Equ72){ref-type=""}) the edges $\documentclass[12pt]{minimal}
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### Single index graph expansion. {#Sec22}

With the value definition in ([4.7](#Equ71){ref-type=""}) it follows from Definition [4.2](#FPar35){ref-type="sec"} that$$\documentclass[12pt]{minimal}
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We now collect some simple facts about the structure of these graphs in $\documentclass[12pt]{minimal}
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#### Fact 1 {#FPar37}
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#### Fact 2 {#FPar38}

The weights associated with the vertices are some non-negative powers of $\documentclass[12pt]{minimal}
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Examples of graphs {#Sec23}
------------------

We now turn to some examples explaining the relation of the double index graphs from \[[@CR34]\] and single index graphs. We note that the single index graphs actually contain more information because they specify edge direction, specify weights explicitly and differentiate between *G* and $\documentclass[12pt]{minimal}
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We now turn to the complete graphical representation for the second moment in the case of Gaussian entries,where we again stress that the double index graphs hide the specific weights and the fact that one of the connected components actually contains $\documentclass[12pt]{minimal}
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We conclude this section by providing an example of a graph with some degree higher than two which only occurs in the non-Gaussian situation and might contain looped edges. For example, in the expansion of $\documentclass[12pt]{minimal}
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Simple estimates on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\,\mathrm{Val}\,}}(\Gamma )$$\end{document}$ {#Sec24}
--------------------------------------------------------------------------------

In most cases we aim only at estimating the value of a graph instead of precisely computing it. The simplest power counting estimate on ([4.7](#Equ71){ref-type=""}) uses that the matrix elements of *G* and those of the generic weight matrix *K* are bounded by an $\documentclass[12pt]{minimal}
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For the sake of transparency we briefly recall the combinatorial argument used in \[[@CR34]\], which also provides the starting point for the refined estimate in the present paper. Compared to \[[@CR34]\], however, we phrase the counting argument directly in the language of the single index graphs. We only aim to gain from the *G*-edges adjacent to vertices of degree two or three; for vertices of higher degree the most naive estimate $\documentclass[12pt]{minimal}
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### Proof {#FPar40}
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In \[[@CR34]\] it was sufficient to estimate the value of each graph in $\documentclass[12pt]{minimal}
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### Definition 4.4 {#FPar41}
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It is well known that being *k*-degenerate is equivalent to the following sequential property.[2](#Fn2){ref-type="fn"} We provide a short proof for convenience.

### Lemma 4.5 {#FPar42}
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### Proof {#FPar43}

Suppose the graph is *k*-degenerate and let $\documentclass[12pt]{minimal}
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Using Lemmas [4.8](#FPar47){ref-type="sec"} and [4.11](#FPar50){ref-type="sec"} together with the repeated application of Proposition [4.12](#FPar52){ref-type="sec"} we are ready to present the proof of Theorem [3.7](#FPar21){ref-type="sec"}.

### Proof of Theorem 3.7 {#FPar53}
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It only remains to count the number of *G*-edges and vertices in the successively derived graphs to make sure that Lemma [4.8](#FPar47){ref-type="sec"} and Proposition [4.12](#FPar52){ref-type="sec"} are applicable and that the last two factors in ([3.11c](#Equ34){ref-type=""}) come out as claimed. Since every of the $\documentclass[12pt]{minimal}
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Proof of Proposition [4.12](#FPar52){ref-type="sec"} {#Sec27}
----------------------------------------------------
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Finally we introduce the notation that a differential edge which is targeted on all *G*-vertices except for those in the displayed subgraph. This differential edge targeted on the outside will be denoted by $\documentclass[12pt]{minimal}
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Regarding the value of the graph, we define the value of a collection of graphs as the sum of their values. We note that this definition is for the collection of graphs encoded by the differential edges also consistent with the usual differentiation.

Written in a graphical form ([4.24](#Equ90){ref-type=""}) readswhere the ultimate graph encodes the ultimate terms in the last two lines of ([4.24](#Equ90){ref-type=""}).

We worked out the example for the resolution of the quantity $\documentclass[12pt]{minimal}
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### Lemma 4.13 {#FPar54}
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### Proof {#FPar55}

As the proofs for all of the 9 cases of *B*-operators are almost identical we prove the lemma for the case ([4.29](#Equ95){ref-type=""}) for definiteness. Now we compare the value of the graph

with the graph in the lhs. of ([4.29](#Equ95){ref-type=""}), i.e. when the stability operator *B* is attached to the vertex *a*. We remind the reader that the displayed graphs only show a certain subgraph of the whole graph. The goal is to show that $\documentclass[12pt]{minimal}
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Cusp Universality {#Sec28}
=================
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Proof strategy {#Sec29}
--------------
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Note that these conclusions follow purely from the considerations in Sect. [5.1](#Sec30){ref-type="sec"} for exact cusps and the associativity of the free convolution. We note that in both almost cusp cases $\documentclass[12pt]{minimal}
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In the final part of the proof in Sects. [5.2](#Sec31){ref-type="sec"}--[5.3](#Sec32){ref-type="sec"} we will write the correlation kernel of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ H_t+\sqrt{ct} U$$\end{document}$ as a contour integral purely in terms of the mesoscopic shape parameter $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma $$\end{document}$ and the gap size $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Delta _0$$\end{document}$ of the density $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho _t$$\end{document}$ associated with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H_t$$\end{document}$. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Delta _0\approx \Delta (ct)$$\end{document}$, then the gap closes after time $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s\approx ct$$\end{document}$ and we obtain a Pearcey kernel with parameter $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha =0$$\end{document}$. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Delta _0\approx \Delta (ct+t^\rho )$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t^\rho \sim N^{-1/2}$$\end{document}$, then the gap does not quite close at time $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s=ct$$\end{document}$ and we obtain a Pearcey kernel with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha >0$$\end{document}$, while for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Delta _0\approx \Delta (ct-t^\rho )$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t^\rho \sim N^{-1/2}$$\end{document}$ the gap after time $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s=ct$$\end{document}$ is transformed into a tiny local minimum and we obtain a Pearcey kernel with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha <0$$\end{document}$. The precise value of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha $$\end{document}$ in terms of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Delta ^\rho $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho (\mathfrak {m}^\rho )$$\end{document}$ are given in ([2.6](#Equ10){ref-type=""}). Note that as an input to the contour integral analysis, in all three cases we use the local law only for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H_t$$\end{document}$, i.e. in a situation when there is a small gap in the support of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho _t$$\end{document}$, given by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Delta _0$$\end{document}$ defined as above in each case.

Free convolution near the cusp {#Sec30}
------------------------------

In this section we quantitatively investigate the free semi-circular flow before and after the formation of cusp. We first establish the exact rate at which a gap closes to form a cusp, and the rate at which the cusp is transformed into a non-zero local minimum. We now suppose that $\documentclass[12pt]{minimal}
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### Lemma 5.2 {#FPar60}
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Correlation kernel as contour integral {#Sec31}
--------------------------------------
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Contour deformations {#Sec32}
--------------------
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### Proof {#FPar67}
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### Microscopic regime. {#Sec35}
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It is easy to see that all error terms along the contour integration are uniform in *x*, *y* running over any fixed compact set. This proves that $\documentclass[12pt]{minimal}
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Green function comparison {#Sec36}
-------------------------

We will now complete the proof of Theorem [2.3](#FPar6){ref-type="sec"} by demonstrating that the local *k*-point correlation function at the common physical cusp location $\documentclass[12pt]{minimal}
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The only cusp-specific part of the argument is estimating products of random variables$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} X_t=X_t(x):=N^{1/4} \left\langle \mathfrak {I}\widetilde{G}^{(t)}(\mathfrak {b}+\gamma ^{-1}N^{-3/4}x + \mathrm {i}N^{-3/4-\zeta })\right\rangle \end{aligned}$$\end{document}$$and we claim that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {{\,\mathrm{\mathbf {E}}\,}}\biggl [\prod _{j=1}^k X_t(x_j)-\prod _{j=1}^k X_0(x_j)\biggr ] \lesssim N^{-c} \end{aligned}$$\end{document}$$as long as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t \le N^{-1/4-\epsilon }$$\end{document}$ for some $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c=c(k,\epsilon ,\zeta )$$\end{document}$. For simplicity we first consider $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k=1$$\end{document}$ and find from Itô's Lemma that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {{\,\mathrm{\mathbf {E}}\,}}\frac{\mathrm{d}X_t}{\mathrm{d}t} = {{\,\mathrm{\mathbf {E}}\,}}\biggl [ -\frac{1}{2}\sum _\alpha w_\alpha \partial _\alpha X_t + \frac{1}{2}\sum _{\alpha ,\beta }\kappa (\alpha ,\beta )\partial _\alpha \partial _\beta X_t \biggr ], \end{aligned}$$\end{document}$$which we further compute using a standard cumulant expansion, as already done in the bulk regime in \[[@CR34], Proof of Corollary 2.6\] and in the edge regime in \[[@CR11], Section 4.2\]. We recall that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\kappa (\alpha ,\beta )$$\end{document}$, and more generally $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\kappa (\alpha ,\beta _1,\ldots ,\beta _k)$$\end{document}$ denote the joint cumulants of the random variables $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_\alpha ,w_\beta $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_\alpha ,w_{\beta _1},\ldots ,w_{\beta _k}$$\end{document}$, respectively, which accordingly scale like $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N^{-1}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N^{-(k+1)/2}$$\end{document}$. Here greek letters $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha ,\beta \in [N]^2$$\end{document}$ are double indices. After cumulant expansion, the leading term in ([5.34](#Equ150){ref-type=""}) cancels, and the next order contribution is$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sum _{\alpha ,\beta _1,\beta _2} \kappa (\alpha ,\beta _1,\beta _2) {{\,\mathrm{\mathbf {E}}\,}}\bigl [ \partial _\alpha \partial _{\beta _1}\partial _{\beta _2} X_t \bigr ], \end{aligned}$$\end{document}$$with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N^{-3/2}$$\end{document}$ being the size of the cumulant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\kappa (\alpha ,\beta _1,\beta _2)$$\end{document}$. With $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha =(a,b)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta _i=(a_i,b_i)$$\end{document}$ we then estimate$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{aligned}&N^{-3/4}\sum _{a,b,c}\sum _{a_1,b_1,a_2,b_2} \left| \kappa (ab,a_1b_1,a_2b_2)\right| {{\,\mathrm{\mathbf {E}}\,}}\left| \widetilde{G}_{ca}^{(t)}\widetilde{G}^{(t)}_{ba_1}\widetilde{G}^{(t)}_{b_1a_2}\widetilde{G}^{(t)}_{b_2c}\right| \\&\quad \le N^{-3/4-3/2+2+3/4+{\zeta }} \Vert \mathfrak {I}\widetilde{G}^{(t)}\Vert _3 \Vert \widetilde{G}^{(t)}\Vert _3^2, \end{aligned} \end{aligned}$$\end{document}$$where we used the Ward-identity and that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\max _\alpha \sum _{\beta _1,\beta _2}\kappa (\alpha ,\beta _1,\beta _2)\lesssim N^{-3/2}$$\end{document}$. We now use that according to \[[@CR34], Proof of Prop. 5.5\], $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\eta \mapsto \eta \Vert \widetilde{G}^{(t)}\Vert _p$$\end{document}$ and similarly $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\eta \mapsto \eta \Vert \mathfrak {I}\widetilde{G}^{(t)}\Vert _p$$\end{document}$ are monotonically increasing with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\eta '=N^{-3/4+{\zeta }}$$\end{document}$ to find $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert \mathfrak {I}\widetilde{G}^{(t)}\Vert _p\le _p N^{3{\zeta }-1/4}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert \widetilde{G}^{(t)}\Vert _p\le _p N^{3{\zeta }}$$\end{document}$ from the local law from Theorem [2.5](#FPar8){ref-type="sec"} and the scaling of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho $$\end{document}$ at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\eta '$$\end{document}$. Since all other error terms can be handled similarly and give an even smaller contribution it follows that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left| {{\,\mathrm{\mathbf {E}}\,}}\frac{\mathrm{d}X_t}{\mathrm{d}t}\right| \lesssim N^{1/4+{C\zeta }}\quad \text {and similarly, but more generally,}\quad \left| {{\,\mathrm{\mathbf {E}}\,}}\frac{\mathrm{d}}{\mathrm{d}t} \prod _{j=1}^k X_t(x_j)\right| \lesssim N^{1/4+{Ck \zeta }},\nonumber \\ \end{aligned}$$\end{document}$$for some constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C>0$$\end{document}$. Now ([5.33](#Equ149){ref-type=""}) and therefore ([5.32](#Equ148){ref-type=""}) follow from ([5.35](#Equ151){ref-type=""}) as in \[[@CR38], Theorem 15.3\] using the choice $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t=N^{-1/2+\epsilon } \le N^{-1/4-\epsilon }$$\end{document}$ and choosing $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\zeta $$\end{document}$ sufficiently small.

Appendix A. Technical lemmata {#Sec37}
=============================
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---------
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---------
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Proof {#FPar73}
-----
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